We explain how a generic HKT geometry can be derived using the language of N = 4 supersymmetric quantum mechanics. To this end, one should consider a Lagrangian involving several (4, 4, 0) multiplets defined in harmonic superspace and subject to nontrivial harmonic constraints. Conjecturally, this general construction worked out in [1] gives a complete classification of all HKT geometries. Each such geometry is generated by two different functions (potentials) of a special type that depend on harmonic superfields and on harmonics.
Introduction
The language of supersymmetric quantum mechanics (SQM) is most adequate and convenient for studying problems of differential geometry. This was understood back in the eighties when E. Witten showed how supersymmetry allows one to describe in very simple terms the classical de Rham complex [2] and L. Alvarez-Gaumé, D. Friedan and P. Windey gave a simple supersymmetric proof of the Atiyah-Singer theorem [3] . 1 The SQM methods not only allowed one to reproduce what was already known, but also to derive many new mathematical results. This particular paper is devoted to the classification of the HKT geometries. 2 This problem was solved in [1] . To do this, one should consider a supersymmetric sigma model endowed with the extended N = 4 supersymmetry (and having thus two pairs of complex supercharges). The corresponding superfield Lagrangian depends on several (4, 4, 0) multiplets. To define a (4, 4, 0) multiplet, we introduce as a starting point an extended N = 4 , d = 1 superspace (t; θ i ,θ i ), i = 1, 2. Then we "harmonize" it [14, 15] 4 by defining θ ± = u ± i θ i , where u + i is a complex unitary spinor parameterizing the automorphism group SU(2) of the extended superalgebra, and u − i is its complex conjugate. A generic superfield depends on (t; θ + ,θ + , θ − ,θ − ) and on the harmonics u ± i , but a special role is played by Grassmann-analytic superfields that depend, besides the harmonics, only on θ + ,θ + and the "analytic time" (A.5). A G-analytic superfield Φ satisfies the constraints D + Φ =D + Φ = 0, which are quite analogous to the constraints defining the chiral superfields. A G-analytic superfield is characterized by its harmonic charge -an integer eigenvalue of the operator (A.6).
Consider a G-analytic superfield q +a carrying unit harmonic charge and an extra doublet index a. To describe a linear (4, 4, 0) multiplet, we impose the additional harmonic constraint
where the harmonic derivative D ++ is defined in (A.7), and also require that 2) where the "tilde" conjugation is the superposition of the standard complex conjugation and the antipodal transformation of the harmonics, u ± j = ε jk u ± k [15] . Then the component expansion of q +a reads 5 q +a = x ja (t)u
where the bosonic field x ja is pseudoreal, (x ja ) * = ε jk ε ab x kb ≡ x ja , (1.4) and (χ a ) * =χ a = ε abχ b (1.5) (ε 12 = 1). The superfield q +a includes four real bosonic and four real fermionic component fields.
Now we take n such multiplets or, which is the same, assume that the index a in (1.3) runs from 1 to 2n. The constraints (1.2) can then be rewritten as
where Ω ab = −Ω ab = −diag (iσ 2 , . . . , iσ 2 ) (1.7)
defines an antisymmetric symplectic form, Ω ab Ω bc = δ a c . A general supersymmetric action reads with D −− defined in (A.8) and the numerical normalization factor is chosen to match the notations of [1] . If expanding this Lagrangian into components, one derives L = 1 2 g ja,kbẋ jaẋkb + fermion terms, (1.10) where the metric g ja,kb is expressed via double derivatives of L.
The system of an arbitrary number of linear (4, 4, 0) multiplets was studied in a different approach in [17] . It was shown that a 4n-dimensional manifold with the metric g ja,kb is a HKT manifold. However, such system describes only a rather limited class of HKT-manifolds: namely, the manifolds with vanishing Obata curvature [18] . 6 In this case, there exist coordinates where three quaternionic complex structures (I p ) N M are constant matrices (2.13), in accordance with the general statement of Ref. [19] .
To describe a generic HKT metric, one should generalize the constraints (1.1) and write
where L +3a is an arbitrary analytic superfield of harmonic charge +3, generically depending on all q +b and on the harmonics. The superfields q +a subject to the constraints (1.11), (1.6) describe nonlinear (4, 4, 0) multiplets.
The plan of the paper is the following. In the next section, we recall the basic definitions and properties of hyper-Kähler and HKT geometries. In particular, we give a simple "physical" proof of the well-known mathematical fact that the holonomy group of hyper-Kähler manifolds is Sp(n) ≡ USp(2n) and derive the explicit expressions for the Obata connections of the HKT manifolds via their complex structures.
In Sect. 3, we explain, following [15] , how hyper-Kähler geometries are described in the language of N = 8 supersymmetric mechanics in one-dimensional N = 8 harmonic superspace obtained as d = 4 → d = 1 dimensional reduction of the N = 2, d = 4 harmonic superspace formulation of the most general N = 2, d = 4 supersymmetric hyper-Kähler sigma model of Ref. [15] . Any hyper-Kähler metric can be derived from the action (3.6) involving the harmonic prepotential L +4 . In Sect. 4, we discuss the properties of generic N = 4 supersymmetric σ models with equal number of real bosonic and fermionic dynamic variables. These models are best described in the language of N = 1 superfields X M = x M + iθψ M . Generically, one obtains either HKT or bi-HKT geometry [8, 20, 21] . We prove, however, an important theorem that any model of this class with quaternionic complex structures is HKT.
In Sect. 5, we show how to obtain generic HKT geometries in the language of supersymmetric mechanical system with the action (1.8) now involving nonlinear supermultiplets q +a satisfying the constraints (1.11). We show how these complicated constraints can be resolved and the metric and other geometric characteristics can be found. We also give a simple proof of the fact that the complex structures thus obtained are quaternionic and hence the geometry is indeed HKT, confirming the results of explicit calculations in Ref. [1] .
In Sect. 6, we show how these general methods work by presenting detailed consideration for a particular example of the hyper-Kähler Taub-NUT manifold [22, 15] .
In the last section we discuss a general classification of HKT geometries following from their supersymmetric description. These geometries are grouped in the families characterized by a given constrained potential L +3a , but by different potentials L. The geometries belonging to a family that involves as a member also a hyper-Kähler geometry can be called reducible and all other HKT geometries irreducible. We note that irreducible geometries exist. In particular, the HKT geometry derived in Ref. [23] is irreducible [24, 25] .
In Appendix A, we present the basics of N = 4, d= 1 harmonic superspace. In Appendix B, we give a simple proof of the known mathematical fact that a triple of quaternionic complex structures in tangent space, (I p ) AB = e M A e N B (I p ) M N , can be brought by the tangent space rotations to the simple canonical form (2.13), (2.14) .
In Appendices C and D we derive the Obata connection and the nonlinear transformation laws of the central-basis harmonic-independent fermionic fields of the multiplet (4, 4, 0) under N = 4 supersymmetry within the setting of Ref. [1] .
2 HK and HKT geometries Definition 1. A complex manifold is a manifold of even real dimension endowed with the complex structure tensor I M N satisfying the conditions
1)
We also assume that the manifold possesses a metric which is Hermitian with respect to the complex structure
which evidently amounts to the antisymmetry property
The condition (2.2) (it is equivalent to the requirement that the so-called Nijenhuis tensor vanishes) provides for integrability of the complex structure. For an integrable complex structure, one can introduce holomorphic coordinates, x M = {z m ,zm}, such that the metric is manifestly Hermitian (one can always do it locally, but a nontrivial property following from (2.2) is that the manifold can be divided into a set of overlapping holomorphic charts with holomorphic glue functions),
In these coordinates, the tensor I M N has the following nonzero components,
It follows that I mn = −In m = −ih mn .
Definition 2.
A Kähler manifold is a complex manifold for which I N M is covariantly constant,
where Γ Q P M are the standard symmetric Christoffel symbols for the metric g M N . It then follows that the Kähler form
The existence of such a closed 2-form can be chosen as an alternative definition of Kähler manifolds. Note that the integrability condition (2.2) does not change its form if one replaces the partial derivatives ∂ M by the covariant ones with an arbitrary symmetric connection. In particular, one can replace ∂ M in (2.2) by the Levi-Civita covariant derivative ∇ M . Due to (2.7), Eq. (2.2) is identically fulfilled. Thus, (2.2) is automatically satisfied for the covariantly constant complex structures obeying (2.7).
Remark 1.
For a generic complex manifold, the complex structure is not covariantly constant with respect to the usual Levi-Civita connection appearing in (2.7), but one can still define connections with modified Christoffel symbols, such that the modified covariant derivative of the complex structure tensor vanishes. There are infinitely many such connections, but a special role is played by the Bismut connection [26] . This connection involves nontrivial torsion,
with completely antisymmetric C SP M . Then the condition
defines C SP M uniquely. Its expression in holomorphic terms reads [27] 
In other words,
where ω = h sm dz s ∧ dzm and ∂,∂ are holomorphic and antiholomorphic exterior derivatives. For Kähler manifolds, the Bismut connection coincides with the Levy-Civita connection.
Definition 3. A hyper-Kähler manifold is a manifold with three different integrable complex structures I p that satisfy the quaternion algebra
and are subject to the covariant constancy condition (2.7).
Consider the complex structures in tangent space (
In Appendix B we will prove that by appropriate rotations they can be reduced to the following canonical form: Sometimes it is more convenient to represent the 4n vector tangent space indices A, B on which the O(4n) tangent space group is realized, by the pair of indices A, B → (ia), (jb), i, j = 1, 2, a, b = 1, . . . 2n. The indices are raised and lowered according to
jk ; ε 12 = 1 and Ω ab = −Ω ab being defined in (1.7). In this notation, only the subgroup SU(2) × Sp(n) ⊂ O(4n) is manifest, a, i being the indices of the corresponding spinorial representations. To establish the precise relation between the vector and spinor notations, we introduce 4n rectangular matrices Σ A :
In (2.16) a = 1, 2 and σ are the standard Pauli matrices. Then for any tensor we have the correspondence
(the dots stand for all other indices). In these terms, the flat tangent space metric is expressed as
The symplectic constant matrix Ω ab is invariant under Sp(n) ⊂ SO(4n). Note that for a real vector V A , the components V ja obey the pseudoreality condition
The holonomy group of a hyper-Kähler manifold of dimension 4n is Sp(n).
This statement is very well known to mathematicians. We give here its detailed proof in explicit "physical" terms.
Proof. In the spinor notation, the canonical flat complex structures (2.13), (2.14) can be expressed as
and (σ p ) l k are the standard Pauli matrices.
7
The covariant constancy condition (2.7) for the triplet of the complex structures I p M N , after passing to the tangent space representation, takes the form
where
is the spin connection. Substituting the constant expression (2.19) for I p AB in (2.21), we observe that this condition is reduced to 23) which tells us that the spin connection understood as a matrix in tangent space, whose entries are 1-forms, commutes with all complex structures. The same condition in the spinor notation takes the form
7 Note that the matrices (σ p ) ja in (2.16) (with both upper indices) and (σ p ) l k in (2.20) (with the indices placed at the different levels) coincide. The difference in conventions is justified by the fact that the indices in (2.20) refer to one and the same subgroup SU (2) ⊂ SO(4n) whereas the indices j, a in (2.16) have different nature.
A generic antisymmetric connection (ω M ) ia jb = −(ω M ) jb ia can be parametrized as
with arbitrary T M (ab) and B q M [ab] . When one substitutes this into (2.24), the first term ∝ ε ij does not contribute and we are led to
This holds for any p, which implies
We thus derived,
But any symmetric matrix of dimension 2n can be presented as
where T c a ∈ sp(n).
C also belongs to sp(n), and the theorem is proven.
Remark 2.
One can also easily prove the inverse theorem: If the holonomy group is Sp(n), i.e. R B A ∈ sp(n), then one can choose three quaternionic covariantly constant complex structures and the manifold is hyper-Kähler.
Proof. Basically, it follows from the following lemma: Let g be a Lie algebra and h be its subalgebra. LetÂ M andF M N be the gauge potential and the field density for the algebra g. Let F ∈ h. Then one can always choose the gauge where alsoÂ ∈ h.
Such a gauge is well-known, it is the Fock-Schwinger gauge x M A M = 0 [28] . In this gauge the potential is expressed via the field density,
In the case of interest, g = so(4n), h = sp(n), ω ≡ A and R ≡ F . If R ∈ sp(n) one can choose the coordinates and vielbeins with ω ∈ sp(n). And once ω ∈ sp(n), it commutes with the quaternionic complex structures (2.19) . Bearing in mind (2.21), it follows that the convolutions of these flat structures with the vielbeins are covariantly constant.
This means that one can define a hyper-Kähler manifold as a manifold where the Riemann curvature form R B A lies in the sp(n) algebra. This definition and Definition 3 are equivalent. 8 Indeed, an element h of sp(n) is a Hermitian 2n-dimensional matrix satisfying h
T Ω + Ωh = 0.
Definition 4.
An HKT manifold is a manifold endowed with three integrable quaternionic complex structures that are covariantly constant with respect to one and the same Bismut connection.
The curvature formR B A of this Bismut connection belongs to sp(n) -it is proven in exactly same way as for the Riemann curvature form for hyper-Kähler manifolds. Alternatively, if there exists a torsionful metric-preserving connection whose curvature form lies in sp(n), one can find three quaternionic complex structures that are covariantly constant with respect to this connection, and we are dealing with an HKT manifold.
Besides the Bismut connection, a distinguished role for HKT manifolds is played by the Obata connection.
Definition 5. The Obata connection is a torsionless connection with respect to which all three quaternionic complex structures of an HKT manifold are covariantly constant.
For a hyper-Kähler manifold, the Obata connection coincides with the Levy-Civita connection, but it is not so in a generic HKT case. The essential difference is that the covariant Obata derivative of the metric tensor does not vanish! This means in particular that vectors do not only rotate under parallel transports, but also change their length; the holonomy group is not compact and complicated.
Theorem 2. Let I, J, K be three integrable quaternionic complex structures,
Choose the complex coordinates associated with I , i.e. assume that I , is constant and diagonal as is given in Eq. (2.6). Then the Obata connection is given by the formula [29] ( 32) and all other components vanish.
Proof. It consists of four steps Lemma 1. In the chosen coordinates, the only non-vanishing components of the structure J are J k l and Jk l . The same is true for K.
Proof. Introduce the operator ι which acts on a generic n-form ω according to the rule:
For a form ω p,q with p holomorphic and q antiholomorphic indices, the action of ι is reduced to the multiplication by i(p − q).
There is a 2-form associated with each complex structure. Define
and consider the form J + iK. Using the definition (2.33) and the quaternion algebra (2.31), it is straightforward to verify that ι(J + iK) = 2i(J + iK). That means that the form J + iK has type (2, 0) with respect to I. Analogously, ι(J − iK) = −2i(J − iK), so that J − iK is of type (0, 2). It follows that the only non-vanishing components of J, K have either both holomorphic or both anti-holomorphic lower indices, and Lemma 1 is proven.
We have introduced the operator (2.33) to make contact with [8, 9] and to use it later in (4.13). But Lemma 1 can actually be proven without resorting to the language of forms. It directly follows from the quaternion algebra (2.31) with the special choice (2.6) for I N M . Indeed, the relations (2.31) imply
Bearing in mind (2.6), we derive that the only non-vanishing components of the tensor J + iK are (J + iK)n m and the only non-vanishing components of the tensor J − iK are (J − iK) n m . From this Lemma 1 immediately follows. It follows in addition that
Then the second relation in (2.31) amounts to the basic property (2.1) of the complex structures J, K.
Lemma 2. The expression (2.32) is symmetric under permutation m ↔ n.
Proof. This follows from integrability. Indeed, the condition (2.2) for the structure J implies
Using J 2 = −1 to flip the derivatives, we may derive
It amounts to the simple relation 37) and the same holds for K. In the language of forms, this means that the exterior holomorphic derivative of the (2, 0)-form J + iK vanishes.
Remark 3.
In fact, the existence of such a closed holomorphic (2, 0)-form may be taken as an alternative definition of an HKT-manifold [9, 10] . The existence of a universal Bismut covariant derivative, as is spelled out in Definition 4, can be derived from that. Proof. It can be checked rather directly using Eqs. (2.32), (2.6), and Lemma 1. We leave it to the reader. 
where x M are the bosonic dynamical variables (the coordinates on the manifold), ψ M are complex dynamical fermionic variables and F M are the bosonic auxiliary fields (in the component expansion of the action (3.2) they enter without time derivatives and can be integrated over). The action has the form
where D andD are the covariant supersymmetric derivatives. Going down into components, one obtains the standard bosonic kinetic part of the Lagrangian,
describing the motion of a particle along a curved manifold. The action (3.2) can be written for any manifold. In special cases, in addition to the manifest N = 2 supersymmetry that the action (3.2) exhibits, one can observe the presence of extra "hidden" supersymmetries. Thus, if the manifold is Kähler (and, hence, even-dimensional), the action (3.2) is invariant under the extra supersymmetry, 4) where I N M is the complex structure and ǫ is a complex Grassmann transformation parameter. The total supersymmetry is then N = 4. The relevant superalgebra closes off shell, which can be directly checked by evaluating Lie brackets of the superfield transformations (3.4).
Besides the formulation in terms of 2n (1, 2, 1) multiplets, two other off-shell formulations of this model are possible. It can be formulated in terms of n pairs of complex chiral N = 2 superfields (2, 2, 0) and (0, 2, 2) [27] . The same model can also be formulated in extended N = 4, d = 1 superspace in terms of n chiral (2, 4, 2) superfields [30] .
For hyper-Kähler manifolds, the action is invariant, besides the manifest N = 2 supersymmetry, with respect to three different extra supersymmetries (3.4) involving three quaternionic complex structures I p and three different complex Grassmann parameters ǫ p . One can show that the generators of different supersymmetries anticommute. The total supersymmetry of the model is thus N = 8. One can further prove that a hyper-Kähler metric is not only a sufficient, but also necessary condition to have N = 8 supersymmetry in the action (3.2) [31] .
The observation that the action (3.2) with three extra N = 2 supersymmetries picks up the hyper-Kähler manifolds as the bosonic targets, does not yet give any tool of how to explicitly construct hyper-Kähler metrics. The latter can only be achieved in the harmonic superspace approach, where all eight one-dimensional supersymmetries are manifest and off-shell.
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Consider an extended
+α , u). The latter superspace is obtained from the N = 2, d= 4 harmonic analytic superspace [15] by dimensional reduction. It represents a direct generalization of the N = 4, d= 1 harmonic analytic superspace [16] briefly described in Appendix A (we only endow the odd coordinates with the extra index α). Consider a G-analytic superfield
(only some terms relevant for us in what follows are displayed in the expansion). Take 2n such superfields Q +a subject to the constraint (1.6). Consider the action (see [22] and Chapter 5 of Ref. [15] 11 )
with
is an arbitrary function of Q +a and u ± , such that it carries the harmonic charge +4. By construction, this action has a manifest N = 8 supersymmetry (there are four complex transformation parameters associated with the shifts of θ
. The superfield equation of motion following from (3.6) reads
Substituting there the expansion (3.5), we obtain a set of the equations for the components. In particular, we derive
and
∂F +b ∂F +c A −c + (terms with fermionic fields) = 0 . (3.10)
Consider equation (3.9) . If L +4 were absent, the linear equation
, with x ja obeying the pseudoreality condition (2.18) following from the constraint (1.6). When L +4 = 0, it is rather difficult task to find the solution to (3.9). To date, it was found in a closed form only for a few particular choices of L +4 = 0 [22, 32, 15] including the choice corresponding to the Taub-NUT manifold discussed below. In the general case, the solution to (3.9) can be found by iterations: attribute a factor λ to L +4 and represent the solution as a formal series
We obtain the chain of equations
These are in fact algebraic equations, as becomes clear if one expands their left-hand and right-hand sides in a proper harmonic basis. For example, we represent
(the linear term ∝ u + j does not contribute in the left-hand sides of (3.12); it is attributed to F + 0 ) and
Then the first equation implies
We first solve the equation for F +a 1 , then we substitute its solution to the equation for F +a 2 , solve it, substitute into the equation for F +a 3 , etc. As a result, F +a (t, u) is expressed via the harmonic-independent coefficients x ja (t), which have the meaning of the coordinates on the hyper-Kähler manifolds that we are set to describe. Note that the pseudoreality conditions (2.18) for x ja imply that the vectors If we suppress the fermion dependence, the equation (3.10) can be solved in a similar way. The solutionÃ −a (t, u) of this truncated equation is also expressed via x ja (t). It follows from (3.10) thatÃ
To find the metric of the manifolds of interest, we substitute the solutions thus obtained for F +a (t, u) andÃ −a (t, u) into the bosonic part of the action (3.6). Indeed, if one expressed the latter via the components, one obtains a very simple expression
where the other bosonic components of the superfield (3.5) do not contribute! After expressing A − a and F +a through x ia (t), the action (3.16) takes the generic form
A similar program can be carried out for the fermionic components. Everything can be expressed through the lowest component ψ αa (t) in the harmonic expansion of χ αa (t, u).
[The variables κ a α are not independent, but can be expressed via χ αa in virtue of ( 1.2)]. We have altogether 4n complex dynamic fermionic variables -one complex fermionic variable for each real bosonic coordinate. Their bilinear contribution to the Lagrangian has the structure ∝ψψ. The variables can be chosen such that the coefficients in the fermion kinetic term and in the bosonic kinetic term are given by the same metric tensor. There is also a four-fermionic term, with the coefficient proportional to the Riemann tensor.
One thus obtains the action of a supersymmetric σ model, a particular case of the generic action (3.2) (with the auxiliary fields being eliminated). In view of the theorem proven in [31] , the presence of N = 8 supersymmetry dictates the metric to be hyper-Kähler. In particular, if L +4 = 0, the metric is flat. However, the road from the superspace action (3.6) to the metric is long and stony. We have outlined above the exact regular procedure to derive the metric and express it as an infinite series over the formal expansion parameter λ. The existence of such a procedure implies that a unique solution exists. As was already mentioned, a closed analytic solution to the equations (3.8) was obtained so far only in a few particular cases. In Sect. 6, we will show how the explicit solution can be found for the Taub-NUT manifold.
We explained how to construct a hyper-Kähler metric, based on an arbitrary function L +4 (Q + , u) of harmonic charge +4. A legitimate question is whether any hyper-Kähler metric can be derived in this way?
The answer to this question is positive. In the paper [33] (see also Chapter 11 of the book [15] ), the problem was solved in a different way -not invoking supersymmetry, but solving instead the constraint R B A ∈ sp(n) (see Theorem 1 and the remark after it) It was shown that a general solution to this constraint depends on an arbitrary harmonic function L +4 (Q + , u) and that this solution coincides with the solution following from (3.6).
The last remark of this Section yet concerns the superfield equation (3.8) . Besides the kinematical equations (3.9), (3.10) and similar equations for fermionic fields, it encompasses as well the dynamical equations for fields F + , ξ α and κ α . In particular, it contains the equation (with fermionic fields suppressed) In the N = 4 , d = 1 supersymmetric description of hyper-Kähler sigma models which we will discuss below, the equation like (3.8) becomes a harmonic constraint which does not impose any dynamical restrictions on the involved fields.
HKT and bi-HKT supersymmetric σ models
Supersymmetric σ models considered in the previous section involved a complex fermionic field for each real bosonic coordinate. There is another class of models with half as much fermionic degrees of freedom; they contain a real fermion for each real bosonic coordinate. These models can be described in terms of (1, 1, 0) superfields living in N = 1 superspace with only one real θ coordinate,
A generic action bringing about the structure ∼ gẋ 2 in the bosonic sector reads
is the N = 1 supersymmetric covariant derivative; D 2 = −i∂ t . The symmetric tensor g M N gives the metric and the antisymmetric C SP M gives the torsion.
The corresponding component Lagrangian is
The N = 1 supersymmetry of the action (4.2) is manifest, the components of X M transform as
However, we are interested in the models including at least two real supercharges -their presence is necessary for a model to enjoy nontrivial dynamical constraints including double degeneracy in the spectrum of the Hamiltonian. Thus, we require the action to be invariant under the following extra supersymmetry transformations:
is some tensor to be specified below. The components in (4.1) are transformed as
We also require that the commutator of two such transformations boils down to the time translation. Then the square of the generator of the transformations (4.9) coincides with the Hamiltonian, and we obtain the minimal N = 2 supersymmetry algebra: 2. I N M is integrable and satisfies (2.2).
The matrix
where∇ L is the covariant derivative with the torsionful affine connection (4.6).
5. There is an extra condition on the torsion tensor C that can be represented in the language of forms as 13) where the operator ι was defined in (2.33).
In the original paper [8] this theorem was proved by explicit component calculations. We give here a somewhat simpler proof based on the language of N = 1 superfields.
Proof. The conditions 1 and 2 follow from the algebra (4.10). Note first that
The commutator of two supersymmetry transformations (4.8) is then derived to be
If we want it to coincide with −2iǫ 1 ǫ 2 ∂ t X M [as is dictated by Eq.(4.10) )] the conditions (2.1), as well as
follow. Using (2.1), the condition (4.16) can be brought into the form (2.2). The conditions 3-5 follow from the vanishing of the variation of the action under (4.8). The calculation gives
Note that ∇ M entering (4.18) are the ordinary Levy-Civita covariant derivatives. Let us concentrate on the second term in (4.17). We represent
and note the identity
To derive (4.20) , one has to tradeẊ M for iD 2 X M and integrate by parts.). We thus present the variation as a sum of three linearly independent structures
It vanishes provided
and 
By symmetrizing over M ↔ S and raising the index N (we are allowed to do so, bearing in mind that∇ S g M N = 0), we arrive at (4.12). Finally, substituting into (4.24) the expression for T RM SN from (4.18) and
we derive 27) which coincides with (4.13).
The conditions (2.1), (2.2) and (4.22) imply that the tensor I M N has all the properties of the complex structure and can be interpreted as such. It is natural then to expect that the geometry thus obtained is a complex geometry and the algebra (4.10) maps into the classical Dolbeault complex, with the complex supercharges Q 1 ± iQ 2 being mapped into the holomorphic exterior derivative operator ∂ and its Hermitian conjugate ∂ † . This guess is almost correct. In fact, a generic action (4.2) defines a twisted Dolbeault complex involving extra holomorphic torsions [34] . When such torsions are present, the Hamiltonian does not commute anymore with the fermion charge operator. Such systems have been studied in [20, 36] in the language of N = 2 superfields.
To understand how the holomorphic torsions appear in the N = 1 language used in this paper, we prove the following theorem 12 Theorem 4. Let (g, I, C) satisfy conditions 1-5 above. Consider the holomorphic decomposition of the torsion form with respect to the complex structure I,
Then the mixed part C 2,1 + C 1,2 is the Bismut torsion (2.11) for the complex structure I. The holomorphic and antiholomorphic parts are closed,
Proof. Let us express (4.12) in complex coordinates. The complex structure acquires then a simple form (2.6). Choose L = l, N =n, M =m. Only the second term in (4.12) is left, and we obtainΓm
which gives C 2,1 = −6∂ω as in (2.11), indeed. To derive C 1,2 = 6∂ω, one should choose L = l, N =n, M = m, which leads to the conditionΓ m nl =Γm ,nl = 0.
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Consider now the condition (4.27) and choose all the free indices holomorphic: L = l, M = m, N = n, S = s. Bearing in mind (2.6), we immediately derive ∂ [r C mns] = 0, which means that C (3,0) is closed. Choosing all the indices antiholomorphic, we derive the closedness of C (0,3) .
It is worth noting that the condition (4.27) involving both holomorphic and antiholomorphic indices does not yield any new information. For the mixed torsion components (2.10) [and such form follows, as we have just seen, from (4.12)], it is identically satisfied.
Note also that in the N = 2 language used in [20, 36] , the (anti)holomorphic components C 3,0 and C 0,3 in the torsion are associated with the presence of extra (anti)holomorphic terms in the action:
with antisymmetric B mn . Then C 3,0 ∝ ∂B, C 0,3 ∝∂B, from which (4.29) follows.
We go over now to N = 4 models. These models should possess three extra supersymmetries of the type (4.8). Each of the complex structures I p=1,2,3 should be integrable, and the constraints (4.12), (4.13) should be satisfied. There are two extra constraints following from the requirement that three new supercharges together with the supercharge Q associated with the explicit N = 1 supersymmetry of the action (4.2) satisfy the standard N = 4 superalgebra,
The new constraints are
The first condition says that the complex structures I p satisfy the Clifford algebra. The second condition is the vanishing of the so-called Nijenhuis concomitant.
Clifford complex structures in (4.32) are not necessarily quaternionic, I 1 I 2 = I 3 etc. As was noticed in [21] (see Proposition 6 there), the closure of the multiplication algebra represents in this case a direct sum H + + H − of two quaternion algebras. Indeed, define
One can then observe that the both algebras H ± involving the generators
are closed and quaternionic. The operators ∆ ± play the role of the corresponding quaternion unities.
Bearing that in mind, one can show that a generic triple of Clifford complex structures projected in tangent space can be chosen in the form 36) with I, J and K written in (2.14)
. We see that a generic N = 4 model involves two sectors associated with the subspaces of dimension 4n
* and 4m * . Suppose that either n * or m * vanish and there is only one such sector with quaternionic complex structures. We can prove an important theorem: Consider now the constraint
We choose L = l and M = m, but do not specify the holomorphicity of N. Using the fact that the only nonzero components of J + iK have an antiholomorphic upper index, we see that in this case most of the terms in (4.39) vanish and we derivê Remark. We have proved this theorem for a generic action (4.2) including the second torsion term. If we started from the action that satisfied the conditions of Theorem 3, but included only the first term in (4.2), the complex structures would be covariant with respect to the ordinary Levi-Civita connection and we would arrive to hyper-Kähler geometry.
Going back to generic models with non-vanishing n * and m * , it is natural to call them bi-HKT models. Another nomenclature for the same class of models is "Clifford-Kähler-withTorsion" (CKT) sigma models [20] . In Ref. [21] , a restricted class of such models involving ordinary and "mirror" linear N = 4 multiplets (4, 4, 0) was studied in detail. The explicit expressions for the Lagrangian, Hamiltonian and supercharges were derived. If one suppresses there the dynamic variables in one of the sectors, e.g. the coordinates in the subspace of dimension 4m * and their fermionic superpartners, the reduced Lagrangian describes an HKT model associated with linear (4, 4, 0) multiplets. But there is also a nontrivial interaction between the sectors, and the Lagrangian is not just the sum of two independent HKT Lagrangians. The simplest such model has a 8-dimensional target space. It was first discussed in [37] and studied in detail in [35] . The models of this type can also be described in terms of N = 2, d = 1 superfields, as it was done in Sect. 7 of Ref. [1] . In this case, the action is expressed in terms of ordinary and mirror (or twisted) chiral superfields.
Harmonic description of HKT models

Generalities
In Sect. 3, we outlined how hyper-Kähler geometries can be described in terms of N = 8, d = 1 supersymmetric σ models. The superfields naturally realizing N = 8 , d = 1 supersymmetry off shell are harmonic superfields.
On the other hand, N = 4 off-shell superfields with an equal number of real dynamical bosonic and fermionic degrees of freedom can be defined both in the conventional superspace and harmonic superspace. For linear (4, 4, 0) multiplets, the conventional description works quite well, it allows one to derive the metric and all other geometric characteristics of interest [37, 35, 17, 21] . But for nonlinear multiplets, the harmonic description is much more convenient.
As was already mentioned in the Introduction, we start from the N = 4 superspace (t, θ i ,θ i ) and harmonize it as outlined in Appendix A. We consider then a set of 2n G-analytic superfields q +a (t, θ + ,θ + , u) ≡ q +a (ζ, u). Their component expansion reads
It is much shorter than the component expansion of a N = 8 superfield Q + in Eq. (3.5). We impose then the pseudoreality constraint (1.2), which implies in particular
and the harmonic constraint (1.11). Note the essential difference between (1.11) and (3.8). The latter is a superfield equation of motion following from the action (3.6). But in the N = 4 case, the analytic superspace includes only two odd variables, θ + andθ + , and the structure
14 Thus, Eq.(1.11) is an external nonlinear constraint.
The superfield constraint (1.11) amounts to the following constraints on the components:
3)
where the action of the covariant harmonic derivative D ++ on any contravariant symplectic vector G a is defined as
We also need for further uses to define the action of D ++ on covariant symplectic vectors H a . 15 We define
Note that generically the contravariant and covariant vectors are not obtained from one another by multiplying by Ω ab or Ω ab . The relation
is not always compatible with (5.5) and (5.7). However, for hyper-Kähler manifolds, where L +3a satisfies (6.1) below, it is compatible and we can assume it to hold. We will do so in the next section. We also note the useful identity
14 One can add to the action the term ∼ d 2 θ + L ++ , but this amounts to the inclusion of the gauge fields living on the manifold [16, 38, 39, 40] . In this paper, such an option will not be considered. 15 The use of the terms "covariant derivative" for the operator D ++ , "covariant and contravariant symplectic vectors" is justified bearing in mind the covariance of the constraints (5.2)-(5.4) under certain analytic diffeomorphisms
(see Ref.
[1] for details).
It is simply the time derivative of the constraint (5.2).
The constraints (5.2)-(5.4) are rather complicated, but in some simple cases they can be resolved analytically. We will do so in Sect. 6 for the Taub-NUT metric, but in this section we concentrate on the general structure of the model. We note that, after the constraints are resolved, the harmonic dependence of all component fields is fixed and everything is expressed via the pseudoreal dynamical bosonic fields x ia (t) [ We write the action in the form (1.8) with an arbitrary L. Substituting there the expansion (5.1), imposing the constraints (5.2)-(5.4) and solving them, we finally obtain a N = 4 supersymmetric model expressed via the dynamical variables x ia (t) ≡ x M (t) and ψ ia (t) ≡ ψ M (t). The models of this kind were discussed in the previous section. We saw that they admit either an HKT or a bi-HKT geometry. Our case is more restrictive, however. One can prove the following important theorem: Theorem 6. The superfield action (1.8) with the constraints (5.2)-(5.4) describes an HKT geometry, which is reduced to hyper-Kähler geometry in some special cases.
Proof. It is sufficient to prove that the complex structures in this model are quaternionic and then use the result of Theorem 5. Indeed, the component action respects N = 4 supersymmetry by construction because it is obtained from the superfield action. Hence all the conditions needed for the N = 1 action (4.2) to be N = 4 supersymmetric and for Theorem 5 to be applicable are satisfied.
The complex structures can be obtained by deriving the law of supertransformations for the variables x ja and comparing it with 11) which is the first line in (4.9) for three complex structures with the indices in spinor notation. Supertransformations of the dynamical variables are generated by the shifts of the odd superspace coordinates θ. Consider the G-analytic superfield (5.1). The shifts δθ
We need, however, to derive the transformation law for harmonic-independent fields. The field f +a (t, u) can, indeed, be expressed in terms of a harmonic-independent "central basis" field x ja (t) after solving equation (5.2), as was explained in detail in Sect. 3. Equations (5.3) can be resolved in a similar way. We may represent their solution as index a. 17 The bridges play the role of vielbeins for the analytic diffeomorphisms (5.6). They satisfy the equations
The harmonic-independent fields ψ b andψ b can be joined into the quartet ψ kb ,
which satisfies the same pseudoreality conditions (1.4) as the bosonic coordinates, bearing in mind the convention (1.5). It is natural to interpret ψ kb as the fermion field carrying the tangent space index A and expressed in spinor notation. Note, however, that there are many solutions to (5.14), interrelated by the right multiplications.
18 and the definition of ψ kb depends on the choice of the matrix R We will see below that one can always choose the matrix R in such a way that ψ kb defined above exactly coincides with i(
Bearing (5.13) in mind, the transformation law (5.12) can be rewritten as 17) where The transformation law (5.17) acquires the form a , compared to [1] , not to mix up this matrix with various Lagrangians. 19 For convenience, we define the vielbeins with the opposite sign compared to those in [1] .
where e kb kb is the inverse of e kb kb . We will see by the end of this section that these matrices are nothing but the ordinary vielbeins under a particular choice of the matrix R in (5.16).
We now define the matrix ǫ l k according to
and represent it as This result was earlier achieved in Ref. [1] in another way, by the explicit calculations of the connections and the torsions. As we have now seen, one can arrive at this conclusion in a simpler way, merely by inspecting the laws of supersymmetry transformations and the corresponding complex structures.
The metric
We now describe, following [1] , in more technical detail how the metric of the HKT manifold corresponding to the action (1.8) with the constraint (1.11) is derived. To this end, we have to express the action (it is sufficient to look at the bosonic action) in terms of the harmonicindependent coordinates x ja (t). This is achieved in several steps.
At the first step, we express the bosonic part of the action (1.8) in harmonic components f +a (t, u) andÃ −a (t, u) -the component A −a with suppressed fermion dependence. Using the expansion (5.1) and the expansion 27) we derive
At the second step, we resolve the constraint (5. 
The solution to the constraint (5.29) reads
One can explicitly check it by acting on (5.31) with the operator D ++ and using (5.14) and the identity
Now note thatÃ
−a can also be presented as
where f −a = ∂ −− f +a and
This can be verified by acting with the operator D ++ on the right-hand side of (5.32) and using the definitions (5.5), (5.7), (5.33), (5.14) together with the useful identity following from (5.33)
was defined in (5.5). Also note the relation
SubstitutingÃ −a in the form (5.32) into the action (5.28) and using (5.34), we express (5.28) as
is antisymmetric in a ↔ b.
We are ready now to perform the third step and to plug in (5. 
By using symmetry considerations, we can observe now that the whole expression that multiplies the structure u and
We see that, generically, the metric is not just a convolution of the matrices e ia ia , but involve an extra factor -the antisymmetric matrix G ab carrying the symplectic indices. However, one can bring G ab to the form Ω ab using the gauge freedom (5.16) with a harmonic independent matrix R. Indeed, consider R 
It is clear that a finite version of this transformation can produce an arbitrary antisymmetric matrix G ab . Note that the metric (5.39) as a whole is invariant under the gauge transformations with matrix R A N re-expressed in spinorial notation. Consider now a set of models characterized by the same potential L +3a and hence the same harmonic constraints (5.14), but different Lagrangians L in the actions (1.8). Different L's result in different F ab 's in (5.36), which affect G ab . As we have just seen, this modification may be compensated by the appropriate gauge rotations of the bridges and, correspondingly, of the vielbeins. We thus obtain a family of models whose vielbeins are interrelated by the transformationsẽ 
4). Then it involves 4n
2 real parameters. 2n 2 + n of them correspond to the action of Sp(n) group, which does not affect the metric. So we are left with 2n 2 − n "physical" parameters. For n = 1, only one parameter is left, which corresponds to multiplying the metric by a conformal factor.
An important observation is that the complex structures in all such models coincide. Indeed, looking at the expression (5.26), we observe that it is invariant under any R-transformations because the upper index c in (5.26) is rotated by the matrix R, while the contracted lower-case index c by the inverse matrix R −1 . So we have
In particular, in all the models expressed in terms of linear (4, 4, 0) multiplets with vanishing L +3a , the complex structures keep their flat form (2.19 ).
An important corollary of this observation is
Theorem 7. The Obata curvature invariants for a family of the HKT metrics, characterized by a particular nonlinear constraint (1.11) but having different Lagrangians L in (1.8), coincide.
Proof. This statement follows from Theorem 2, which says that there exists a frame where the components of the Obata connection are expressed via the complex structures, and the fact that the latter do not depend on L. Then this connection also cannot depend on L and the same is true for the Obata curvature invariants.
It follows, in particular, that all models based on linear (4, 4, 0) multiplets are Obata-flat.
6 HKT → HK Taub-NUT Theorem 8. Consider a limited class of models where the function L +3a in (1.11) represents a gradient,
and the function L in (1.8) is quadratic, L = q +a q − a . In this case, the metric is hyper-Kähler.
Proof. The point is that the bosonic metric following from the quadratic (1.8) with the constraints (1.11), (6.1) exactly coincides with the metric derived from the equation of motion (3.8) for the model (3.6). The latter involves the "large" multiplet (3.5), it has N = 8 supersymmetry and gives rise to a hyper-Kähler metric, as follows from the theorem of [31] . Thus, to prove our theorem, we only have to show that the metrics of the two models are, indeed, the same. Consider first the N = 4 model. The bosonic action has the form (5.35), where the factor (5.36) acquires now a very simple form F ab = Ω ab . We obtain
where f +a andÃ − a satisfy the constraints
We consider now the N = 8 model (3.6) and observe that its bosonic action (3.16) has exactly the same form as (6.2) (one should only replace f +a → F +a ) and the fields f +a ,Ã − a satisfy there exactly the same constraints (3.9), (3.10) as for the N = 8 model. This means that the metrics in these two models coincide. As the metric of the N = 8 model is hyper-Kähler, the same is true for the N = 4 model.
The hyper-Kähler nature of the metric follows also from the explicit expressions for the Bismut connection and its torsion derived in [1] (see also Appendix C). If the condition (6.1) is fulfilled and L is quadratic, the torsion vanishes and the Bismut connection is reduced to the Levi-Civita one.
Note that Theorem 8 only gives sufficient conditions for the metric to be hyper-Kähler, but not the necessary ones. In particular, if L is not quadratic and (6.1) is not fulfilled, the metric can still be hyper-Kähler [see Eq. (7.1) below and discussion thereof]. On the other hand, for the quadratic L, the condition (6.1) is also necessary. Indeed, let L = q +a q − a and suppose that (6.1) is not fulfilled, but the metric is still HK. We know, however, from the results of [33] discussed above that any HK metric is derived from some prepotential K +4 which enters the N = 8 Lagrangian (3.6). As we have just seen, the same metric can be derived from the N = 4 model (1.8) with the quadratic L and the constraint involving
But it is not possible that one and the same metric follows from two different prepotentials L +3a = K +3a . It is clear from the derivation outlined in Sect. 5.2 that the bridges and the vielbeins depend on the prepotential in an essential way.
To understand how the procedure described in the preceding section is actually carried through, consider a simplest nontrivial hyper-Kähler example with a = 1, 2 (so that the manifold is 4-dimensional) and
In this case, the constraints (6.3), (6.4) can be solved explicitly, and the metric thus obtained is the Taub-NUT metric (see [22] and [15] , Chapter 5). Let us do here this calculation. We start with the equation (6.3) for f +a . In our case, this boils down to
The equations (6.7) can be easily solved. The solution reads
where x ±a = x ia u ± i with harmonic-independent x ia and
The solution to the constraint (6.4) [which is the same as in (5.29)] forÃ −a was given in (5.31). Note that in the hyper-Kähler case the equation (5.14) for the bridge acquires the form
The factor Ω bc ∂ 2 L +4 /∂f +a ∂f +c belongs to the algebra sp(n) [cf. (2.29)] and that means that there exist solutions to the equation (6.10) that belong to the group Sp(n). Such solutions satisfy the condition
Bearing this in mind and the fact that F ab = Ω ab , the matrix (5.40) is also reduced to
Even after we impose the condition for the bridge M to belong to Sp(n), there is a freedom associated with multiplication by constant Sp(n) matrices. We choose a solution that is reduced to the unit matrix in the limit when the nonlinearity associated with L +4 is switched off. It reads
The matrix (6.12) belongs to SU(2). The vielbeins can be found from the solutions (6.8), (6.12) and from the definition (5.18). They are
And the metric (5.42) is
It is equivalent to the Taub-NUT metric written in a familiar form
where V TN (r) = 1 r + λ (6.16) (r = | X|) and
is the vector potential of a magnetic monopole. The correspondence is established by setting in (6.16) λ = 1 and changing the variables as
The relations
hold. Inserting (6.16), (6.17) and (6.18) in (6.15) we obtain 20) which coincides with (6.14) . Note that the Taub-NUT metric possesses the isometry SU(2) × U(1), with SU(2) acting as rotations of the doublet indices i, j and U(1) realized as δx
. This isometry is a corollary of the explicit SU(2) × U(1) invariance of the hyper-Kähler potential (6.6) .
Another example where the constraints can be explicitly solved and the metric explicitly found is the model with
with an arbitrary symmetric ξ jk . After performing the program outlined above and choosing the coordinates x µ in appropriate way, one arrives [15] (see also [32] ) at the hyper-Kähler Eguchi-Hanson metric 22) where r = x 2 µ and σ p are not the Pauli matrices, but the Maurer-Cartan forms σ p = η pµν x µ dx ν (and η pµν are 't Hooft's symbols). The metric (6.22) involves an axial U(1) symmetry, which is also seen in the prepotential (6.21) . It also possesses a SU(2) isometry, the explicit realization of which can be found in [15] .
Discussion
We have proven that a pair of functions -L +3a (q +b , u) entering the constraint (1.11) and L(q +b , u) entering the action (1.8) -describes a HKT geometry. But one should understand that this description has a high degree of redundancy: by simply performing a variable change, one can arrive from a given pair (L +3 , L) to a pair that looks completely different, whereas geometry is, of course, the same. It is the same redundancy which is incorporated in the description of the Riemannian geometry by the metric tensor.
As a simple example, consider a flat metric described by the linear multiplets q +a satisfying the constraint D ++ q +a = 0 and a quadratic L. Introduce new variables
It is evident that after such a change L is not quadratic any more and a nontrivial L ′+3a appears. The geometries are distinguished by the curvature invariants. For the manifold of interest, a particular convenient tool is the Obata curvature, which coincides with the ordinary Riemann curvature for hyper-Kähler manifolds, but differs from it in a general HKT case. The convenience of Obata connections and Obata curvatures stems from the fact that a frame exists where the former are explicitly expressed via the components of the complex structures (see Theorem 2), which are the same for the whole family of metrics characterized by a particular L +3a and different L. That means that the Obata curvature invariants are also the same for all members of this family.
Any such family of metrics has a distinguished representative with L ∝ q +a q − a . Its geometry is simpler that the geometry of the other family members. In particular, one can prove the following simple theorem:
Theorem 9. The torsion form for an HKT model with L ∝ q +a q − a is closed, dC = 0. In other words, we are dealing in this case with the so-called strong HKT geometry [7, 8] .
Proof. A generic N = 4 component Lagrangian (4.4) includes a 4-fermion term. The latter vanishes iff the torsion form is closed. Thus, it is sufficient to prove that the full component action of the HKT model with quadratic L does not involve such term.
Let us substitute in L = q +a q − a the expansions (5.1) and (5.27) . We derive
This Lagrangian involves only bi-fermion terms [note that they are also present in the term ∼ḟ A including the field A − a (t, u) that satisfies the constraint (5.4)], while 4-fermion terms are absent.
The same statement was proved in [1] , proceeding from the explicit expression for the torsion.
When L is not quadratic, the torsion form is not closed in most cases. But in some cases it can happen to be closed. For example, in the linear case L +3a = 0 the metric coincides for n = 1 with the 4-dimensional flat metric multiplied by a certain conformal factor G(x). The torsion form is [35] 
The vielbeins for the different HKT manifolds belonging to a particular family described above are interrelated by the transformations (5.43). As was mentioned, these transformations involve 2n
2 −n relevant parameters. For n = 1, there is only one such parameter -a conformal factor by which a metric can be multiplied. The families including a hyper-Kähler metric as a member (in the four-dimensional case, these are the manifolds conformally equivalent to hyperKähler ones) play a distinguished role. Let us call the HKT metrics belonging to such families reducible and the metrics not related to any hyper-Kähler metric by a transformation (5.43) irreducible. One can prove the following noteworthy theorem:
Theorem 10. Irreducible HKT metrics exist. This is a nontrivial statement. Even though the "stem member" of a given HKT family with quadratic L may have a nontrivial L +3a not given by (6.1) and the corresponding manifold is not hyper-Kähler, it is not obvious that the constraints cannot be brought to a form which satisfy (6.1) by a variable change q +a → q ′+a [after which L is not quadratic any more -cf. the discussion around (7.1)]. There are many such metrics which seem to be irreducible, but are in fact reducible in disguise.
Proof. To prove the theorem, it is sufficient to indicate at least one example of an irreducible metric. Such a metric was constructed in Ref. [23] . Consider a 4-dimensional model (n = 1) with L = q +a q − a and the constraints
with real λ, ρ. When ρ = 0, we go back to the Taub-NUT system, but if ρ = 0, ∂ a L +3a = 0, the constraints (7.4) are not expressed as in (6.1) and we are dealing with a nontrivial HKT manifold. Using a general technique described in Sect. 5, one can derive its metric 20 :
In the limit ρ → 0, this metric goes over to the Taub-NUT metric (6.15). For ρ = 0, the Bismut connection of this model involves a nontrivial torsion. The explicit expression for the torsion form is [23] 
In accord with Theorem 9, this form is closed. Now, if the HKT metric (7.5) were reducible, a certain conformal transformation 
This condition can be solved to determine the conformal factor G [43] , but it turns out 21 that in the particular case of the Delduc-Valent metric (7.5), this procedure gives a complex function G(s, Ψ, θ, φ) and a complex "hyper-Kähler metric". Real solutions to the constraints (7.9) do not exist.
There is an interesting question that has not been completely clarified yet. In this paper, we explained in relatively simple terms that the harmonic action (1.8) with the constraints (1.11) lead to a HKT geometry. One can conjecture that any HKT metric may be described in this way, but we did not prove that.
As we mentioned at the end of Sect. 3, we know that any hyper-Kähler metric is determined by the harmonic prepotential L +4 . This was derived without resorting to supersymmetry, but solving the constraint that the Riemann curvature form R B A belongs to sp(n). A similar program was carried out for strong HKT manifolds (with closed torsion form) in [41] . By solving the constraint that the curvature formR B A of the Bismut connection belongs to sp(n), the authors showed that any strong HKT geometry is described by the prepotential L +3a (up to a difference in notation). It would be interesting to generalize this result to the weak HKT geometry and show that any HKT metric is derived from the data including L +3a and arbitrary (not necessarily quadratic) L.
It would be also very interesting to build up a supersymmetric description of generic bi-HKT manifolds, not only those that were described by the linear multiplets. One may guess [1] that this would require extending the framework of N = 4, d = 1 harmonic superspace to the bi-harmonic superspace [45] .
All the superfields that we deal with have a definite harmonic charge D 0 . For example, q +a carries harmonic charge 1, L +4 carries harmonic charge 4, etc. The harmonic derivatives satisfy the algebra
the same as for the "short" derivatives (A.9). The basic convenience of the harmonic approach stems from the fact that one can formulate the theory in terms of analytic superfields living in analytic superspace
Correspondingly, their θ expansion is much shorter than for generic superfields that depend in addition on θ − andθ − . Note that, though the basic superfields that we use are analytic, the Grassmann measure in Eq. (1.8) and the subsequent formulas refers to the full superspace,
The harmonic integrals are normalized to du = 1. We define N = 8 harmonic superspace (that we use it in Sect. 3) in a similar way. The odd coordinates θ iα carry now the extra index α = 1, 2 andθ iα def = (θ iα ) * . We consider the harmonic projections of these coordinates with respect to the index i, θ
In analogy to (A.11) we define the analytic harmonic superspace involving four Grassmann coordinates θ + α ,θ +α . The expressions for the analytic time t A and harmonic covariant derivatives have the same form as (A.5) and (A.6)-(A.8), but involve an extra summation over α. The Grassmann integration measure over the analytic superspace is defined as in [15] ,
where, for the moment, F p and B p are arbitrary functions. The complex structures are transformed under the general tangent space O(4n) gauge rotations as 
The natural assumption is that (I p ) ai bj have the flat limit in which ( 6) and looking at the inhomogeneous part of the transformation ofB
we observe that the O(4n)/Sp(2n) gauge transformations are capable to gauge away some components of B p
[ab] (kj) . Expanding
it can be shown that one can, e.g., gauge away B
12
[ab] , B
13
[ab] and B
31
[ab] , after which the O(4n)/Sp(n) gauge freedom gets fully exhausted and we end up with the subgroup Sp(n) as the only residual tangent space gauge group.
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After this total use of the tangent space gauge freedom, there still remain F and the whole set B 2q
[ab] . Now we are going to show that all of them can be eliminated by exploiting the quaternionic algebra (B.1).
We start from (I 1 ) ai bj = ε ij F [ab] = 0; using the gauge transformations (B.7), one can remove two components from B Obviously,B
23
[ad] = 0 is a solution of (B.14), and it yields just the canonical constant form (2.19) for the tangent space complex structures. ActuallyB
[ad] = 0 is the only solution which ensure the complex structures to form a triplet with respect to the global SU(2) acting on the doublet indices i, k.
The above proof is quite analogous to the statement that the complex structure for the 2n dimensional Kähler manifold in the tangent-space representation can be reduced to the canonical constant form with non-zero holomorphic and anti-holomorphic entries by fully fixing the gauge tangent space freedom O(2n)/U(n) (see, e.g., [15] ). The specificity of the hyperKähler case is that, besides fixing the gauge freedom O(4n)/Sp(n), one should essentially use the quaternionic algebra (B.1) in order to reduce the corresponding triplet of the complex structures to the canonical form (2.19).
Appendix C: More on the Obata connection
Here we derive the form of Obata connection in the manifestly SU(2) covariant framework of Ref. [1] . Note that this issue, like the one in Appendix D, were never discussed before. We will use some results of [1] without explicit derivation. Also we stick to the conventions of the present paper concerning the sign of vielbeins.
We will start with giving the tangent-space form of the Bismut connection from which it is easy, e.g., to prove the total antisymmetry of C ia kb lc in (C.1) with respect to the permutations of the tangent space index pairs. Let us now deform C ia kb lc in the following way C ia kb lc ⇒C ia kb lc := C ia kb lc − 2ε il ∇ kc G [ab] .
(C.5)
Using the identity (C.4), it is straightforward to check that C ia kb lc =C ia lc kb , (C.6) so this tensor defines a new symmetric connectioñ Γ ia,kb lc = Γ ia,kb lc + 1 2C ia,kb lc . (C.7)
which proves to be just the Obata connection as the quaternionic complex structures turn out to be covariantly constant with respect to it. Note that the tensorC is defined up to the addition 8) which is symmetric with respect to the permutation kb ⇔ lc in itself. However, such a structure is ruled out by the requirement of the covariant constancy of the quaternionic complex structures with respect toΓ (C.7). Let us show that the quaternionic complex structures are indeed covariantly constant with respect to (C.7). It will be convenient to write the triplet of constant complex structures in the tangent space representation as The condition of the covariant constancy of this complex structure with respect to any affine connectionΓ in the tangent space representation amounts to the following general form ofΓ So the symmetric connection just defined obeys the full set of the properties required for the Obata connection and can be identified with the latter 26 . By Lemma 4, it is unique and so should reduce to (2.32) in the special frame lacking manifest SU(2) covariance. It is also instructive to represent this connection in the general form (C.10) As was already mentioned, the metric is not covariantly constant with respect to the Obata connection, as opposed to the Levi-Civita or Bismut connections. Indeed, it is easy to find After some algebra, for the harmonic-independent fermionic variables ψ ia = (ψ a ,ψ a ) defined in (5.15) we obtain the following transformation rule 
